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The reason no man knows; let it suffice 
What we behold is censured by our eyes. 
CHRISTOPHER MARLOWE. from “Hero and Leander” 
Michael H. Freedman wrote an article [l] with the title “There Is No 
Room to Spare in Four-Dimensional Space” in which he begins with the 
observation that room is the issue in manifold topology. He then repeats 
the well-known folklore in explaining why smaller dimensions were 
“skipped over” and researchers “went directly to the high-dimensional case 
M”, nz 5” in investigations of manifolds. “There is more room to work 
when the dimension of the manifold is greater than or equal to five.” 
His own work, a brilliant tour de force in achieving a classification up to 
topological equivalence of certain smooth manifolds, was done in the more 
confined four-dimensional space where there is “no room to spare.” As of 
this writing, there is still great activity in the classification problem of even 
the simply connected manifolds in dimension three (i.e., the Poincare 
conjecture). 
Unexpectedly, room has also surfaced as the issue in the study of 
automorphism groups of free objects. The available evidence indicates that 
the long-held folklore motivated by classical examples that three dimen- 
sions is the general case is far off the mark. In those instances where 
it has been possible to develop a global picture, the three-dimensional 
automorphism group emerges as an anomaly vis-a-vis the behaviour and 
structure of the higher-dimensional automorphism group. Although not 
evident to the naked eye, it turns out that in these cases there is not enough 
“room to work” in three dimensions, and just as topologists for many years 
skipped over dimensions three and four in the study of topological 
manifolds (see Freedman’s article), we will see why it may be wise for 
algebraists to also skip over small dimensions in the study of the 
automorphism groups of free objects. 
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The results we are going to describe illustrate that the interactions of 
automorphisms are unnaturally dependent on their embedding in space. 
The effect is the unpredictable simplifications of these automorphism 
groups after a dimension jump. It is tempting to explain away this strange 
behaviour by conjecturing the existence of a mathematical law to the effect 
that automorphism groups cannot be “bad” forever, i.e., cannot be “bad” in 
more than a finite number of dimensions. (Thus far, there is no evidence to 
the contrary.) This speculative law may sound more philosophical than 
mathematical, but it has various precise mathematical formulations. Two 
such formulations are given in Section 3 after describing E. Stbhr’s work. 
Her astonishing results are the most persuasive to date which point in the 
direction of positive answers to the questions posed in Section 3. 
The use of the word “bad” in the above paragraph has many possible 
meanings, depending upon the context. Here it signifies either non-finite 
generation or “non-tameness,” a descriptive phrase for unusual or 
unknown types of automorphisms. Perhaps a better word than bad might 
be “unmanageable.” Thus, a physicist or geometer might refer to a group of 
diffeomorphisms on a manifold of dimension (genus) n as unmanageable if 
one lacks a workable description of a typical diffeomorphism, but the same 
group defined in a larger dimension would be termed manageable if there 
now becomes a nice algorithmic description of the typical diffeomorphism. 
It is such unintuitive phenomena that will be described here for 
automorphism groups of discrete groups and for matrix groups over 
polynomial rings. One further known example of these phenomena is the 
Torelli groups T(n) of genus n, a family of automorphism groups impor- 
tant in low-dimensional topology. D. McCullough and A. Miller Cl43 
as well as G. Mess [lS] showed that T(2) is bad (infinitely generated), 
while D. Johnson [13] showed that for n > 2, T(n) becomes good 
(finitely generated). Another place to expect such behaviour is for 
the automorphism groups of polynomial rings over fields, a family of 
automorphism groups which are important in algebraic geometry and 
which we will discuss later. 
As the reader may gather from this brief introduction, this article 
expresses the point of view or the philosophy that these seemingly bizarre 
phenomena are not at all bizarre. In fact, the opposite may be true, as the 
question is raised as to whether it is ever possible for a family of 
automorphism groups to be “bad” in more than a finite number of 
dimensions. 
In what follows, a free object is usually either a group or a ring, each 
with a uniquely defined “dimension” for every natural number (see the 
examples below). However, the reader is invited to generalize these exam- 
ples so that the automorphism groups might well include natural recurring 
families such as the mapping class groups, Torelli groups, diffeomorphism 
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groups on “standard” spaces, automorphism groups of (free) Lie algebras, 
etc.-in order to test the philosophy evoked here. 
If X is a free object, then the dimension of X is the number of elements in 
a free generating set. For example, if X is a vector space, the dimension is 
the number of elements in a basis; if X is a group (free, free abelian, or free 
whatever), the dimension is again the minimal number of elements in a 
generating set for X; if X is a polynomial ring or a free algebra, the dimen- 
sion is the number of variables or indeterminates used in defining X; and so 
on. (Following common usage, polynomial means that the indeterminates 
commute. If they are non-commuting then X is called the free algebra of 
dimension n.) In all examples that we might consider, dimension is the 
most basic invariant associated with X. Except for vector spaces, what we 
are calling dimension is usually called something different, such as rank. 
Our usage of the term is therefore mainly non-standard, but for the 
purposes of this article it has the advantages of uniform terminology and of 
evoking geometric images. In the following we always assume that the 
dimension of X is finite and (to avoid trivialities) larger than one. 
The descriptive phrase tame elements is employed throughout. All the 
automorphism groups and matrix groups discussed here possess “tame” 
elements. A precise definition is not given in all instances, but they always 
are the simple type or obvious elements the group in question possesses. 
1. CLASSICAL PRECIJFWRS 
Suppose X is an n-dimensional vector space over the field K, and let 
Aut X denote its automorphism group. Fix a basis for X, and consider 
Aut X as GL,(K), the group of n x n invertible matrices over K. Among the 
G&(K), n 2 2, the dimension n = 2 stands apart because the lack of room 
prevents the multiplicative structure of K to get as fully involved in the 
structure of GL,(K) as in the cases n > 3. This is a subtle but familiar 
dichotomy. 
If the scalars are restricted to be the integers Z rather than field elements 
so that X is a free abelian group, or if X is a free nilpotent group (which is 
a group “close” to abelian), then the study of Aut X has enjoyed com- 
parable successes. Once again in Aut X there is a dichotomy between 
dimension two and higher dimensions reflected in the fact that G&(Z) has 
very different properties than GL,(Z) when n > 3. Thus, even in these 
relatively simple vector space-like settings, the two-dimensional case is 
somewhat special because of the restrictiveness in room while the three- 
dimensional case portrays the general picture. 
This dichotomy becomes all the more pronounced and dramatic the 
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more one turns away from fields. To illustrate, consider groups of matrices 
whose entries are polynomials or, better yet, Laurent polynomials with 
coefficients that are either integers or elements from a field K. To 
emphasize that the aberrant behaviour we are about to describe does not 
stem from the particular field used, let us agree that K will always mean a 
finite field. First consider the familiar polynomial ring K[x]. Since this ring 
is Euclidean, it is easy to see that for n > 3, the groups GL,(K[x]) are 
finitely generated; but in 1959 H. Nagao [17] showed that GL,(K[x]) is 
not finitely generated. Structurally, this is an immense difference between 
n = 2 and n 2 3 for the groups GL,(K[x]); yet it is still true that for all n, 
the groups GL,(K[x]) contain only tame elements. (If R is a ring, the tame 
elements of GL,(R) are those elements in the group generated by the 
elementary and the invertible diagonal matrices.) But consider G&(R), 
where R is the Laurent polynomial ring R = Z[x, x - ', y, y -'I or R = 
K[x,x-‘, y, y-l, z, z-‘1. In 1977 A. Suslin [19] showed that G&(R), 
n > 3, is not only finitely generated but also possesses only tame elements; 
in 1980 the writers [S] showed that any set of generators for G&(R) must 
contain an infinite number of non-tame elements. Thus, for these rings, the 
differences for G&(R) and GL,(R), n > 3, are indeed dramatic. It is even 
worse than it sounds. A set of generators for G&(R) is not known (only 
that an infinite number is required), and for CI E G&(R) there is no known 
algorithm to determine if a is tame or not. Nonetheless, if CI is embedded as 
an element of GL,(R), e.g., /? = (; ‘$ then /? can be written as a product of 
elementary and invertible diagonal matrices, i.e., p is tame! 
2. THE AUTOMORPHISM GROUPS 
Consider now Aut X, where X is a free object far removed from a vector 
space. That is, X is not an abelian or nilpotent group. The hope for a struc- 
ture theorem which would enable one to answer all reasonable questions 
concerning Aut X has never been realized. Not much is known-especially 
in dimensions larger than two. Even the exceedingly modest question of 
what are the elements of Aut X turns out to be difficult, if not impossible to 
answer in most cases. On the other hand, for dimension two there are com- 
plete characterizations of Aut X in at least some instances. As illustrations, 
let us consider the free group and the polynomial ring over a field, which 
are quite disparate free objects. Both are classical objects with interest in 
their automorphism groups dating back many years. 
If X is the free group of dimension two, then as long ago as 1917 
J. Nielsen showed that Out XZ G&(Z). (Out X is Aut X factored by the 
inner automorphisms of X) Thus we have a rather comprehensive struc- 
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ture theorem for Aut X. But we know that dimension two may be special. 
What about Aut X if the dimension of X is three or larger? In 1918 Nielsen 
showed that any automorphism of X is a product of very simple types 
-namely those that permute the generators, those that send one generator 
into its inverse while fixing the remaining generators, and those that send 
one generator into itself multiplied by a different generator while fixing the 
remaining generators. One is reminded by analogy of the simple types of 
matrices, the elementary and diagonal matrices, which generate the general 
linear groups GL, over a field or a Euclidean domain. We can summarize 
the content of Nielsen’s work by saying that Aut X is finitely generated and 
that all elements of Aut X are tame. In 1924 Nielsen went further. In a dif- 
ficult paper to read he found a finite presentation for Aut X-a complete 
set of finitely many defining relations. It took more than fifty years, but in 
1975, using 1936 work of J. H. C. Whitehead, J. McCool [16] gave a 
dramatic simplification of Nielsen’s work and generalized it to show that 
the stabilizer in Aut X of any finite set of elements in X is finitely presented. 
Recently this result has been further generalized and extended by several 
people. Unfortunately, as a general rule, very little can be deduced about a 
group from a presentation of it. So despite these and other beautiful efforts, 
when X has dimension larger than two, the structure of Aut X remains a 
mystery. Many simple questions about Aut X still cannot be answered 
more than sixty-eight years after Nielsen’s determination of Aut X when the 
dimension of X is two. (See [2, 61 for the references to Nielsen and further 
discussion of Aut X.) 
If X is the polynomial ring over a field of dimension two, then again 
there is a good structure theorem for Aut X. Over forty years ago H. W. E. 
Jung in characteristic zero, and later W. Van der Kulk in characteristic 
p > 0, showed that Aut X is a “product” of automorphisms of simple types. 
Here “product” is meant in a technical sense (called a free product with 
amalgamation) which gives structural information about Aut X. The types 
of automorphisms which make up the components of the product are 
analogous to the simple types of automorphisms which generate the 
automorphism group of the free group, namely linear (or affme) 
automorphisms and those which leave all but one indeterminate fixed while 
sending that indeterminate into itself plus a polynomial in the other 
indeterminates. Thus each automorphism of the polynomial ring in dimen- 
sion two is tame-meaning a product of these very simple types. But, 
despite vigorous efforts, if the dimension is larger than two, very little is 
known about Aut X. Here the situation is much bleaker than that for 
automorphisms of free groups in that not even a set of generators is known. 
Worse yet, it is not known if there exists even a single non-tame 
automorphism! (See [3] for the references and further discussion of 
Aut X.) 
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Thus, much remains to be discovered about the groups Aut X, where X 
is the free group or X is the polynomial ring. For these groups, as for any 
Aut X, where X is a reasonably defined free object, the conventional 
wisdom is that an understanding of the three-dimensional case will unlock 
the secrets for the general case. 
As mathematical structures go, the free group and the polynomial ring 
are familiar objects and (relatively speaking) well behaved. This goes a long 
way in explaining why their automorphism groups are among the most 
studied. A more important reason is that these groups are amenable to 
geometric as well as algebraic methods, and in fact geometers (topologists 
and algebraic geometers) have always exhibited a keen interest in these 
automorphism groups for a variety of reasons. For other free objects not 
close to vector spaces, the objects themselves are generally less well 
understood, and thus it is no surprise that almost nothing may be known 
about their automorphism groups in dimensions larger than two. Even in 
dimension two, results are often meager. In the Kourovka Notebook [4], 
a problem that was attributed to the legendary Soviet mathematician 
A. I. Mal’cev reads “Describe the automorphism group of a free soluble 
group” (Problem 1.33 of the year 1965). In Problem 5.49 of the year 1976, 
V. N. Remeslennikov was more specific and asked if these groups are 
finitely generated in each dimension. 
The free solvable group of (solvability) length d and dimension n is the 
quotient group of the free group of dimension n by its dth derived group. 
When d= 1, these are the free abelian groups, and when d= 2 these groups 
are the free metabelian groups. For d> 2 they are generally termed the 
(free) higher solvable groups. In 1976, E. Formanek and the writers [7] 
showed that if X is a free solvable group of any length and of dimension 
two, then Out Xr G&(Z): Once again, a surprising but comprehensive 
structure theorem. 
This last result might give credence to the thought that the study of 
automorphism groups of free objects in dimension two is successful because 
there is no room to produce automorphisms. All the results for the various 
X can be interpreted to say that in dimension two there are only the trivial 
or obvious automorphisms. But what about the “general” case of dimen- 
sion three where there is more room to produce automorphisms? One 
answer came in 1982 [9] when the writers established that Aut X is 
infinitely generated when X is free metabelian of dimension three. 
Thus, if X is free metabelian of dimension three, Aut X is awash with 
non-tame automorphisms. What is meant by this is that each auto- 
morphism of the free group of dimension three induces in a natural manner 
an automorphism of X and these are the obvious or tame automorphisms 
of X. The tame automorphisms form a finitely generated subgroup in 
Aut X, and since Aut X is not finitely generated, the set of tame 
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automorphisms is very sparse or just a set of measure zero among all the 
automorphisms of X. The situation is even more complicated than just a 
negative answer to Remeslennikov’s question might indicate. A set of 
generators for Aut X is not known-only that an infinite number is 
required. 
Hence, it would be easy at this point to jump to the conclusion that once 
the dimension is larger than two, the automorphism groups are not only 
infinitely generated, but become impossibly complex with all manner and 
unknown types of automorphisms. But here we come to the heart of the 
matter of room. 
The writers showed [lo] that Aut X is finitely generated whenever X is 
free metabelian of dimension larger than three! Better yet, every 
automorphjsm in dimension at least four is induced by (is an image of) an 
automorphism of the free group of the same dimension and is therefore a 
tame automorphism. To grasp the strangeness of this “lifting theorem,” 
picture an automorphism a in dimension three, 
Xl + a(-~,) 
a: x2 + a(xJ 
x3 -+ a(x3h 
where we are describing a by what it does to the generators. As we obser- 
ved, almost all such dimension three automorphisms are non-tame and 
hence cannot be lifted to an automorphism of the corresponding free group 
of dimension three. But if we enlarge X to four dimensions with the new 
generator x4 and consider a* as the same automorphism on this larger 
group by letting a* fix x4 and otherwise be the same as a, 
x1 + ah) 
a*: 
x2 + a(x2) 
x3 + 4x3) 
x4 +x4, 
then a* is tame, i.e., can be written as a product of the same simple types of 
automorphisms which generate the automorphism group of the free group. 
This seems bizarre since a(x,), a(x,), and a(x3), are elements in the group 
generated by x1, x1, and x3 and have nothing to do with x4. So we must 
be talking about room. Once the dimension reaches four there is enough 
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“room to work” and tremendous simplifications occur. Thus the general 
case is dimension four and not three as appears to the naked eye. 
3. IMPLICATIONS; RESULTS OF E. ST~HR 
The most interesting implications of the lifting theorem are the questions 
it raises, but it is convenient to begin the discussion with a concrete 
application. One simple consequence of this lifting theorem concerns the 
automorphism group of the free group since the ability to lift metabelian 
automorphisms in dimensions larger than three introduces a new aspect in 
the study of Aut F(n). If F(n) is the free group of dimension n and F(n),, 
the free abelian group of dimension n, put K(n) to be the kernel of the 
natural map Aut F(n) -+ Aut F(n)ab z G&(Z) and let C(n) be the kernel of 
the map GL,(Z[& f -‘I) -P G&,(Z) obtained by setting f equal to 1. Then 
for n 2 4, C(n - 1) is a homomorphic image of K(n). What makes this fact 
interesting is the hint at the possibility that the automorphism groups of 
free groups are themselves intrinsically different in dimensions larger than 
three from that of dimension three. The relationship between C(2) and 
K(3) is not clear. If GL,(E[t, t-l]) contains non-tame matrices, which is 
presently unknown, then C(2) definitely is not a homomorphic image of 
K(3). Hence one skips over dimension three (remember the topologists) to 
say something about Aut F(n). 
Thus we have an example of a theorem with an exceptional dimension in 
the prosaic automorphism group of the free group, although we do not 
know if this singularity is real or not. There are already a surprising variety 
of similar applications. Some of them (e.g., to matrix groups or to the 
Torelli groups) must have an exceptional dimension by their very nature, 
while others (e.g., as in the lifting of nilpotent automorphisms to free 
automorphisms or as in the above application of automorphisms of free 
groups) have a virtual exceptional dimension due to the “skipping over 
dimension three,” but it is unknown whether this “special” dimension is 
phantom or real. The remarkable application we are now going to describe, 
due to Elena Stohr, concerns the automorphism groups of a particular 
class of free objects which we must define. For sev.era1 reasons which 
will become clear, this is perhaps the most interesting of the known 
applications. 
Let G(n) denote the free object of dimension n we are about to define 
-called the free center-by-metabelian group of rank n. One way to define 
G(n) is to start with the free group F(n) of dimension n and form the 
smallest normal subgroup in F(n) containing all the elements gxg-lx-‘, 
where g is any element in F(n) and x is any element in the second derived 
group of F(n). G(n) is the quotient group of F(n) by this normal subgroup. 
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Equivalently, define G(n) as a group with n generators and the relations 
that the second derived group be in the center of G(n). These relations (and 
others derivable from them) are to be the only relations in G(n). It follows 
that G(n) is a group with solvability length three, but is not the free 
solvable group of length three and dimension n. Requiring the second 
derived group to be in the center of the group is a considerable 
simplification over the free solvable group of length three. 
Elena Stiihr [18] showed that Aut G(n) is not finitely generated when 
n = 2 or n = 3, but is finitely generated when n > 4. 
Thus for this free class of objects, the automorphism groups have two 
exceptionaz dimensions. The two-dimensional case does not stand apart as 
lacking automorphisms in contrast with the earlier examples, and this 
example is also the first instance where there is more than one exceptional 
dimension. But the real significance of these results lies deeper and brings 
us to the title of this article. 
Suppose X(n) is the free object of dimension n, n = 2, 3,4, . . . . where we 
specify that X(n) is a group. (X(n) is a free group of dimension IZ in a 
so-called variety of groups.) In all the preceding examples, either Aut X(n) 
is finitely generated for all dimensions n, or else Aut X(n) is finitely 
generated for all n B 4. This prompts the question of whether Aut X can 
ever be infinitely generated in more than a finite number of dimensions. 
The straightaway answer is yes, the reasoning going roughly as follows. 
Torsion elements (elements of finite order) in the group X lead to the 
existence of units in certain rings associated with X and these in turn lead 
to automorphisms of X. If one allows enough torsion into X, it is possible 
to produce, in every dimension, an infinitely generated group of units 
which forces Aut X itself to be infinitely generated. Thus one needs to place 
a reasonable restriction on X in the following explicit question in order to 
avoid easy answers and to get to the heart of the problem. 
Generation Question. “Suppose the free objects X(n) in dimension n do 
not satisfy a power law; e.g., X(n) are torsion-free groups. Does there exist 
a critical dimension N, depending on X such that Aut X(n) is finitely 
generated for all n 2 N,?” 
The requirement that X(n) be torsion free, while having the virtue of 
simplicity, would be too stringent. For example, in 1973 C. K. Gupta [ 121 
showed that G(n) is torsion free only in small dimensions. Yet Stiihr’s 
result for Aut G(n) is the most significant in giving credence to the idea 
that for automorphism groups of free objects without much torsion, infinite 
generation can hold only in a finite number of dimensions. The above 
Generation Question has the technically “correct” requirement for X(n), 
but rather than define the concept involved, the reader is just asked to 
assume that X(n) is torsion free. 
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One can broaden and deepen this question by turning attention to the 
tameness of Aut X. In the case of Stohr’s results, it is not known whether or 
not there is a “lifting” theorem for Aut G(n), that is, whether all elements of 
Aut G(n) become tame when n 24. The lifting theorem raises the 
fascinating and far-reaching question: 
Tameness Question. “Is there a critical dimension for other free objects 
at which point their automorphism group becomes tame?’ 
To use the earlier colloquialism, does one always reach a dimension 
where there is enough “room to work”? Where everything becomes 
simplified? And is this critical dimension always four? 
The lifting theorem for the free metabelian groups is not likely to be an 
isolated bizarre mathematical occurrence and argues strongly for the 
existence of a critical dimension in other cases. But the dimension four, 
rather than being a universal number, seems more a reflection of our 
inexperience. The writers believe that as the free objects X increase in com- 
plexity, so will the critical dimension. For example, for free solvable groups 
of length 3 we expect a critical dimension of eight, for free solvable of 
length 4 we expect a critical dimension of sixteen, and in general, if X is free 
solvable of length k, Aut X should become tame in dimension Zk. For the 
free center-by-metabelian group, we suspect that the automorphism group 
becomes tame in dimension five. There are technical reasons for these 
expectations, but basically what we are saying is that as the free objects 
become increasingly complicated and harder to manage (e.g., further away 
from commutativity, etc.), their critical dimension will be proportionately 
larger. 
Let us turn to a more manageable example for which there is a better 
possibility for near term answers-the polynomial ring over fields. In 
dimension three there is every indication that the automorphism group of 
the polynomial ring is highly non-tame. For example, in his monograph 
[3], Nagata gives a specific candidate for a non-tame automorphism. It is 
extremely difficult to establish the existence of non-tame elements, even in 
the much simpler settings of matrix groups. (For example, no one has yet 
been able to establish whether there are any non-tame elements in 
SL,(Z[x, x -‘I).) The lack of success in the study of the automorphism 
group of the polynomial ring may be due to the concentration of effort in 
dimension three, where one is confronted with all these presumably non- 
tame elements without methods for recognizing them. But as Warren Dicks 
has observed, Nagata’s automorphism does become tame in dimension 
four. Could it be that by jumping to a larger dimension (possibly as small 
as four) one might find enough “room to work” so that all elements 
become tame? 
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POSTSCRIPT 
Acknowledgment should be given to the pioneering work of Orin Chein 
[ll J, who showed in 1968 that the automorphism group of the free 
metabelian group of dimension three contains a non-tame element. This 
was one of the truly substantial and deep examples of a non-tame element 
to be found in the mathematical literature, especially within the context of 
the state of knowledge at that time. His theorem also provides marvelous 
documentary evidence of the non-predictability of mathematics. The 
specific automorphism which he showed to be non-tame moved only the 
first generator while fixing the other two generators. Specifically, if X, y, z is 
a basis (free generating set) for the free metabelian group of dimension 
three and C = y -rz - ‘yz, then Chein showed that the mapping p defined by 
x+x2c-lx-‘cx-‘c-‘xc 
is an automorphism of the group which cannot be lifted to an 
automorphism of the free group of dimension three. While careful to state 
in the introduction of his paper [ 111 that the results apply only for dimen- 
sion three, he also wrote on page 605 his belief that “most of them .can be 
generalized without too much difficulty.” On page 118 in her book [5], 
Joan Birman stated that Chein proved the non-tameness of the 
automorphism group of the free metabelian group in dimension n, not 
making any distinctions for n. The writers of this article made the same 
type of mistake in an earlier version of [9]. Indeed, who could have 
possibly conceived that adding another generator would make any 
difference for the above automorphism /.L? 
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